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. SUMMARY

Seven mathematical functions were compared for best fitting the lactation
curve of the Egyptian huffaloes. Weekly milk production of complete 2226
lactation records were used for fitting the functions, the Incomplete Gamma

=at’%e™, the Compartmental function: v = m(1- e ye
+ the Modified Compartmental; y, = g {1/ (1+ ¢*"7)) ™ the Multiphasic
function;

nt

¥, = {a,b;[1—tanh® (b, (¢ —¢; )]}, in its both diphasic and triphasic forms,
f=1

Mitscherlich exponential function; v, = a (1- b, eib“)e'm, Michaelis-Menten
Exponential function; y, = a (1/(1+by/(by+t))) & and a proposed Linear (EMM)
function; y,=a+at’Int+ae' +ae’ Mean squares of error (MSE), coefficient
of determination (RQ} and Durbin Watson statistics (d) were the eriteria used
for comparing the utilized functions. The Linear (EMM) function fitted the data
the best according to these criteria which ranged between 15.898 and 0,643
0.922 and 0.995; 2.819 and 0.273 with averages of 2.723, 0.978 and 1.238 for
the MSE, R? and d, respectively. In general, for the rest of the functions, these
criteria values ranged between 1.541 and 115.549; 0.151 and 0.977; 0.172
and 1.359 for the MSE, R? and d, respectively.

Baoth the biological interpretation for the four parameters of the Linear
(EMM) function and the statistical relationship batween those parameters with
some of the actual lactation traits; the accumulative milk yield up to wk 'n' of
lactation (kg), initial milk yield (kg), time of peak yield (wk), peak yield (kg), and
persistency were made.

' The discriminant analysis was utilized to classify lactation records,
according to their lactation periods and their relationship with the Linear
(EMM) function parameters estimates, into four categories (short, medium,
long, and very long lactation period records) with the objective to set a rule for
predicting the lactation performance of lactating buffalo cows that obligatory
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dried off at an early stage of lactation (28 wks). Resulis showed that the
zccuracy of the classification ranged between 75% for the short lactaticns to
99.5 % for the very long anes.

Keywords: Egyptian  buffalo, lactation curve, pericd, mathematical
description, EMM function, discriminant analysis, prediction

INTRODUCTION

Knowledge of the shape of the lactation curve (the graphical representation
of the time-milk vyield relationship) and its related traits; initial milk yield, peak
yield, peak week, persistency, total milk yield and lactation period are
impottant for dairy farmers in setting proper production, feeding and selection
strategies; developing more accurate correction factors for different non-
genstic factors affecting milk  production; extending incomplete iactation
records and predicting total milk yield from the ongeing lactations.

wany attempls had been made fer mathematical modeling the lactation
curve, composing a mathematical function that usually consisted of a scalar
(initial point), a positive monotonically increasing function, and a monotenically
decreasing function. Some of these functions were: the widely used
incomplete Gamma (Weod, 1967), Mitscherlich Exponentiai and Michaelis-
Menten Exponential functions (Reook et al, 1993), the Compartmental and
mModified Compartmental functions (Lecn-Velard, 1995) and the Multiphase
Logistic function {Grossman et al., 1988) that had proposad a new conception
of lactation curve modeling considering milk yield to result from an
accumulation of more than one phase of lactation.

For Egyptian buffalo, some useful atternpts had been made mainly using
the Incomplete Gamma (All, 1972; Samak et al, 1988; Soliman, 1988,
Mansour et al., 1993; Ibrahirn, 1995 and Sadek et al., 1998), whereas, Abdel-
Aziz et al. (1973b), after correcting the data for some non-genetic effects,
used a least squares analysis of variance to calculate regression factors for
predicting  12-month  lactation  from both single-month and accumulative
monthly lactations.

The objective of this study was to investigate how best to mathematically
describe the lactation curve of the Egyptian buffalo and to develop a rule for
predicting lactation period from the ongoing lactation at an early stage of
lactation by applying a discriminant analysis technigue.

MATERIALS AND METHODS
Data

Lactation data of (normally terminated at 28 wks of lactation) 2226 lactation
records of buffalo cows that calved from January 1,1987 through June 30,
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1985 were used. These data were from six farms that belong to the Animal
Production Research Institute, Ministry of Agriculture. Data were grouped into
46 groups according to the normal lactation length in weeks, ie, 8, 9 10, ...,
93-or-more wks of lactation,

First milk yield of more than three days was corrected to a week yield,
otherwise, it was excluded from the analysis and second week data were
considered to be the first,

Managerial conditions and feeding system followed in these herds were
described by Abdel-Raof {1995).

Modeling the lactation curve
Seven mathematical functions were evaluated for fitting the buffalo
lactation. These functions were:

The Incomplete Gamma : vy =atle™,
The Compartmental : Ye =m (1-gPta) g
the Modified Compartmental : Ve =g (1/(1+e¥ )™
the Multiphasic function: Ve = 2 {a.b,[1 - tanh’ (5, (¢ — ¢, )]},
i=t
in its both diphasic and triphasic forms,
Mitscherlich Exponential: i=a (1-b, e™)e®
Michaelis-Menten Exponential: Ye=a (1/(1+by/(by+1))) &, and

the proposed Linear (EMM) function: y,=4+a 2t +3e' + e .
which was adopted from TC (1994), where, y, is the weekly milk yield at the "
wk of lactation, e is the base of natural logarithms, and 4, 3, 3, and & are
parameters that determine the curve shape.

All the seven functions were individually fitted to the 2226 complete
lactation records. The first six models were fitted to the lactation data using
nonlinear regression, the marquardt iterative method (SAS, 1988). The
Multiphasic Logistic function was fitted for its both diphasic (n=2) and triphasic
(n=3) forms. Number of parameters to be estimated depended on the number
of phases; diphasic function had six parameters, while the triphasic had nine
parameters. The EMM function was fitted to the data as a multiple regression
model using SAS (1988).

Residual mean squares (MSE), coefficient of determination (R*) and Durbin
Watson statistics, a measure of residuals autocorrelation, (Durbin and
Watson, 1951), were all used to compare gocdness of fit for all the used
functions except for the multiphasic ones. Then, the standardized residual
distribution of the EMM function was checked for being randomly distributed.

Some actual lactation traits; accumulative milk yield up to wk 'n’ of lactation
(Qn); initial milk yield (v)). the milk yield of the first week of lactation; week of
peak (i), the week at which the peak yield had been obtained: yield at week
of peak (Yma), the maximum weekly yield through the first eight wks of
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lactation; and persistency (S), measured as [(total milk yield - vyield up to
peak)lyield up to peak] according to Anakawiang (1963), were all individually
measured for each record. Then the stepwise regression was performed on
those traits for the EMM function estimated parameters to obtain the statistical
relationships between those actual traits and the estimated parameters. Actual
lactation traits were estimated as:

The accumulative yleld to week 'n' of lactation (kg): Q, = ZL‘ Y, .

First week yield (kg): Vi = bpad+b, i,

Week of peak (wk): tmax = bg d + b, 3,

Yield at week of peak (kg): ¥na =bga and

Persistency: 5 =bpa+byd+b,i+b,i,

where, by, by, by and by are regression coefficients and other terms are the
estimated parameters of the EMM function.

To check the resulting mathematical relationship between week of peak
and the estimated parameters of the EMM function, the first derivative of the
function was equated to zero to determine the peak point of the curve (time of
peak in wks) for different lactation period groups. The resulting values were
then compared to those obtained by the stepwise regression.

First derivative of the EMM function was in the form:
dy/dt=at(1+2Int)+e' @E-ae?),

where,
t is wk of lactation,
e is the base of natural logarithms, and

i, 3 and i are the eslimated parameters for the EMM function.

Discriminant analysis and prediction of lactation period

It was found in this data that the percentages of records in each lactation
group were almost equal, ranging from 0.7 to 3.7% with an average of 2.17%.
Less than 70% of the records reached 23 wks of lactation and only 14.2%
reached 44 wks. |Itis therefore quite difficult to standardize a lactation length
for Egyptian buffaloes under this situation. : )

In an attempt to accurately extend the lactation period to correct the milk
production of the obligatory dried buffalo cows and to develop a means for
predicting the lactation performance of lactating buffalo cows at an early stage
of lactation (8 wks and forward), the data were classified Into four classes
according to the lactation period. These classes were: short (8-16 wi),
medium (17-27 wk), long (28-47 wk) and very long (48-53 wk) of lactation.
The EMM function was fitted for the first 8 wks for all the 2226 records and the
function parameters were estimated. The discriminant analysis (Johnson and
Wichern, 1882) was applied on the resulting parameters to allocate each
record into one of the four previously described classes according to the EMM
function parameters values obtained from the fitting. This process was
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performed for the data of the first 16, 20, 24, 28, 32, 36, 40, 44, 48 and 52 wks
of lactation for only the records that achieved these lactation periods. Range
of the EMM function parameters (4, &, and 4) values were used to develop a
prediction rule of the lactation period of any lactating animal at an early stage
of lactation according to those three parameters range of values.

RESULTS AND DISCUSSION

Comparison between studied functions

For the Multiphasic Lagistic functions, the triphasic form only fitted lactation
data of more than 47 wks in milk while the diphasic one only fitted lactation
data of more than 37 wks in milk, otherwise, the C's parameters (time of peak
" of each phase) had negative values. In addition, R? values were obviously
lower than the EMM function as it ranged between 0.37 to 0.61; 0.53 to 0.71
for the diphasic and triphasic forms, respectively. Therefare, the Multiphasic
function was excluded from the comparison.

Table (1) depicts the significant effects of lactation period (wk), the studied
function and the interaction between them on the R? valye of the studied six
functions, Other criteria of comparison showed similar trend when analyzed for
variances.

Table 1. Analysis of variance for the effects of the studied functions, the
lactation period and the interaction between them on the coefficient of
determination (R?) value '

Source of variance D.F. Mean squares
Lactation period (LP) 45 0.4604
Function 5 41.9470"
LP * Function 225 0.1091"
Remainder 13080 0.0090

™ = P<0.01.

The EMM function was the best function for all lactation period groups
according to the proposed criteria of comparison, high R? and jow MSE
values, ranged between 0.9225 to 0.995; and 0643 to 15.898 kg with
averages of 0.978 and 2.723 kg, respectively (Table 2). Durbin Watson
Statistics (d) values indicated that residuals were only autocorrelated for the
long lactation period groups (LP>41 wks). In general, residuals of all the
groups of lactation period showed much less autocorrelation with the EMM
function (with d average equais 1.24) than with other functions that had
averages of 0.62, 0.55, 0.34, 0.34, and 0.35 for the Gamma, Mitscherlich
Exponential, Michaelis- Menten Exponential, Compartmental and Modified
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Compartmental functions, respectively. In addition, standardized residuals
showed random distribution with values ranged between 2 and -2 for all the
groups of lactation period. For the rest five functions, the Gamma was the best
followed by the Mitscherlich Exponential having R® values in the range
between 0.67 to 0.98; 0.32 to 0.91 with averages of 0.85 and 0.68 and MSE
values ranged between 1.54 to 54.1 and 6.24 to 110.78 with averages of
18.168 and 38.69, respectively. The remaining three functions had no
significant differences with almost the same average values for the MSE and
R? being 52 and 0.56, respectively. Tukey's studentized range test (HSD)
gave similar results for the criteria of comparison. ‘

Generally, all functions showed better fitting for lactation records with
longer lactation period than with shorter ones except the EMM which showed
goed fitting for all the lactation period groups (Table 2).

Actual and predicted mean weekly milk vields for the 44-wks lactation
period group are shown in Figure (1). The plot shows that the EMM function
tended to slightly underpredict the peak yield (4-8 wk) and overpredict vield of
mid-lactation (25-38 wk). The increase of milk production in the last few weeks
of actual [actation might be due to the autumn hump as Ali (1972) indicated in
a previous study. Auturmn hump is usually resulted from the availability of
green fodder and the climatic changes in the auturmn season {about the end of
the present lactation season) which positively affect the milk yield.

20 shmw smammn s -
(k2 R :
ol T e o T R, |
" [ip] (o] Y M~ = [t} o))

60 + J
50 _;_. g o aayiers P
2 40_1. - Wicrisiioni N
2 a0 b B [—o—Aaw |
= T T T E=m I —#— Predicted
= =l |
=

Figure 1. Actual and the predicted mean weekly milk production (kg) for the
44-wks

Interpretation of the EMM function estimated parameters

Parameter '4' was found to be related to the peak yield. It had an effect of
changing the whole scale of the curve. Parameter &' was related to the
persistency. It changed the slope of the curvature after peak till the end of
lactation. Parameter '3’ was related to the last part (death curvature) of the
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lactation curve, whereas parameter 4’ was found to be related to the initial milk
yield.

Values of -parameter 4, which are related to peak yield, tended to increase
regularly with increasing the lactation period till the 33 wks lactation pericd
when no significant increase was observed afterwards.

Values of both parameters i (except for the first group of lactation period)
and i consistently increased with increasing the lactation period which was
associated with increased persistency, i.e., reducing the slope of the curve
after peak.

The only positive value of parameter 4 was observed for the first group of
lactation period (8 wks), because of the limited number of points in such curve
accompanied with much less slope of curvature after peak than longer ones.

Parameter 4 value tended to decrease with longer lactation periods till the
41 wks lactation period group and then increased again till the 53 wks group.
It is indicated that, although initial milk yield increased with longer lactation
periods, it decreased again for the very long lactation periods.

It is therefore, concluded that the highest milk production can be achieved,
with the highest initial milk yield, highest peak yield and highest persistency,
with normal length of lactation period (i.e. not too long, about 40 wks in milk).

Statistical relationships between estimated parameters and some
lactation traits ;

The following mathematical relationships were found between the EMM
function estimated parameters and some actual lactation traits:

First week yield =0.9854 + 0.337 4, R? 0.995,

Week of peak =0.090 4 +5.988 4, R% 0.909,

Yield of week of peak = 1.1 4, R? 0.991 and

Persistency =0.043 4 + 11.678 & + 287 i - 0.0055 4, R% 0.827.

Actual week of peak trait, stepwise regression estimated, and the predicted
one, as the first derivative of the EMM function, were found to be 4.24, 434,
5.03, 5.0 and 4.52; 4.17, 4.64, 5.39, 6.07 and 6.08 wk for the 8, 20, 30, 40 and
50 weeks in milk lactation period groups, respectively. Results indicated that
the stepwise regression method accurately determined the week of peak for
lactation period groups up to 36 wks in milk, where the divergence between
the two estimates (actual and predicted) got wider for lactation records of
longer lactation period. Stepwise regression was therefore recommended to
be done in two separate steps, one for the records up to 36 wks in milk, and
the other for the longer ones. Therefore two sets of more accurate statistical
relationships could be developed for estimating the lactation criteria.

Discrimination and classification
Figure 2 shows that classifying the records according to the values of the
parameters 4, 4 and i into the four proposed groups of lactation period (short,
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medium, long and very long) was quite successful. The upper and lower
values an the diagonal represent the successful numbers and percentages
(between parenthesis) of records, respectively, the off diagonal represent the
misclassified (error rates),

Only few error rates (misclassifications) were observed ranging from 0 to
23.78%. The highest arror rate was misclassify the long lactation period
records for the very long ones. The percentages of successful classification
were 81.53, 85.17, 74.88 and 99.48% with an average of 85.27% for the short,
medium, long and very long lactation period classes, respectively.

This result indicated that a lactation record can be successfully assigned
into one of the proposed four classes with accuracy exceeding 85%, starting
from the 8" wk of lactation (less thar two months). Parameter i was excluded
from the discriminant analysis since it is related to the last part of the lactation
curve (death curvature) that had no stable trend within the same group of
lactation period. R

Discriminant analysis that was applied on the EMM function parameters; 4,
i and 4 resulting from fitting the first 12, 16, 20, 24,28, 32, 36, 40, 44, 48. and
52 wks of lactation, for the only records that achieved the fitted period, showed
similar trends.

Predicted classification

Short Medium  Long Verylong  Total
Short 287 48 17 0 352
(8-16 wk) (81.53)  (13.64) (4.83) 0
Actual )
classification Medium 0 534 25 68 627
(according to  (17-27 wk) 0 (85.17) (3.99) {10.84)
lactation
period
in wks) Long 0 14 790 251 1055
(28-47 wk) 0 (1.33) {74.88) (23.79)
Very long 0 0 1 191 192
(48-53 wk) 0 0 (0.52) (99.48)
2228
Error rates 0.1847 0.1483 0.2512 0.0052 0.1473

Figure 2. The confusion matrix for short, medium, long and very long lactation
period records .

Range of the values of the EMM function parameters (4, d and 3)
obtained from the previous fitting were used to develop a prediction rule for
lactation period from the ongoing lactations (Table 3). For instance, ifa
lactating animal was obligatory dried off after the first eight weeks of lactation,
the animal could be assigned into one of the four proposed lactation classes
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Firstly, the EMM function should be fitted to the
data of the first eight weeks, which the animal had performed.
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Secondiy, the obtained parameter estimates for 4, 4 and 4 should be compared
to their corresponding expecled range of values, for the same fitted period,

from Table 3.

For example, If the estimated parameters for this animal were:

i<d8, 4<0.022 and -35>i>-37, this animail is expecied to perform a rnaximum
iactation period of 16 wks with 14% error rate.

Table 3. EMM function parameters (4, 4 and 4) range of values when fitted to
different lactation periods (wk), with four wks intervals, for the
proposed four lactation classes of lactation period

T 2 Fitted  Range of ‘&' Range of '3 Range of 'g' Classification
oeriod

class (wk)

8-16 g =48 4<(1.022 -35> 4 > -37 SHORT

17 =27 & 55> 4> 50 0.033> 3=0.022 -37 =4 >-40 MEDIUM

28 - 47 8 55> 4> 50 0.080> 4>0.033 -40 = i > -48 LONG

48 - 53 B a < 50 a=0.080 i»-40 VERY LONG

B-16 1 4= 50 A=-0.030 -38 > 4 >-40 SHORT

17 - 27 12 55 =4 =50 -0.020>3>-0.030 -39 >4 »-40 MEDIUM

28 - 47 12 B0 >a>50 -0.005=4=-0.010 -45 > 4 > -b4 LONG

48 - 53 12 a<50 i=-0.005 4> -40 VERY LONG

g2-18 18 a < 50 i<-0.020 ia>-35 SHORT

- 27 1G 55 = a =50 -0.010>4>-0.020 =35> i >-43 MEDIUM

28-47 16 B0 > a > 50 -0.004>3>-0.010  -43>1>-53 LONG

48 - 53 18 4 <50 a=>-0.004 i>-40 VERY LONG

17 - 27 20 4 <55 -0.010=a=-0.020 i >-40 MEDILIM

28.- 47 20 60 >4> 55 -0.004>3>-0.010 -40 >4 = -55 LONG

48 - 53 20 i < 50 4>-0.004 i= -40 VERY LONG

17 - 27 24 4<53 4<-0.015 az -40 MEDIUM

28 - 47 24 80 = 4> 50 -0.004=4>-0.015 -40 >3 = -55 LONG

48 - 53 24 - 4= 50 a=>-(1.004 a>-40 VERY LONG

28 - 47 28 60> 4>50 -0.004>5>-0.015 -40 = 4 > -55 LONG

48 - 53 28 4 <50 a>-0.004 i > 40 VERY LONG

28 - 47 32 a> 50 -0.004>3>-0.008 -45 > 4> -55 LONG

48 - 53 3z a <50 i>-0.004 i>-40 VERY LONG

28 - 47 36 55 =>a> 50 a=-0.008 50 >4 >-55 LONG

43 - 53 36 a< 50 4>-0.004 i>-40 VERY LONG

28 - 47 40 55=a4> 80 a=<-0.004 -50 > 4> -80 LONG

48 - 53 40 a4 <50 a>-0.004 i>-40 VERY LONG

28 - 47 44 a=50 a<-0.004 i <-50 LONG

48 - 53 44 a=<50 a>-0.004 4> -40 VERY LONG

48 - 53 48 a< 50 i=-0.004 i -40 VERY LONG

48 - 53 52 a < 50 a=-0.004 #> -30 VERY LONG
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